Introduction
In a recent paper, Rȃdulescu They showed using sub-supersolutions arguments and monotonicity methods that the problem 1.1 has a minimal solution, provided that λ > 0 is small enough. The next result is concerned with problem 1.1 − and asserts that there is some λ * > 0 such that 1.1 − has a nontrivial solution if λ > λ * and no solution exists provided that λ < λ * .
Abstract and Applied Analysis
In the present paper we consider that the corresponding quasilinear problem
where Ω satisfying ess inf K u > 0 over every compact set K ⊂ Ω and
Ω denotes the space of all C ∞ functions φ : Ω → R with compact support. Using variational methods, we will prove the following theorems. Ω is a weak subsolution to 1.3 if u > 0 in Ω and
Ω is a weak supersolution to 1.3 if in the above the reverse inequalities hold. 
Ω . The proof of the theorem is organized in several steps.
Step 1 existence of minimal solution for 0 < λ < Λ . To show the existence of a solution to 1.3 , we construct a subsolution u λ , and a supersolution u λ , such that u λ ≤ u λ .
We introduce the following Dirichlet problem: Since q < p − 1 and for ∈ 0, 1 . Then u is a subsolution of the problem 1.3 .
On the other hand, let v the solution to the following problem be:
2.7
Then 0 < v < K in Ω. By simplicity of writing we call
Define u λ x Tv x where T is a constant that will be chosen in such a way that
where M max{1, v ∞ }. Now −Δ p u λ T p−1 λ 1 and
where
Then, it is sufficient to find T such that
2.11
We call ϕ T λAT Step 2 there exists Λ > 0 such that 1. 
2.18
There exists λ * > 0 such that
where λ 1 is the first Dirichlet eigenvalue of −Δ p is positive and is given by
see Lindqvist 4 . Choose λ n > λ * . Clearly u n is a supersolution of the problem
for all ∈ 0, 1 . We now use the result in 2 to choose μ < λ 1 small enough so that μφ 1 x < u n x and μφ 1 is a subsolution to problem 2.8 . By a monotone interation procedure we obtain a solution to 2.8 for any ∈ 0, 1 , contradicting the fact that λ 1 is an isolated point in the spectrum of −Δ p in W 1,p 0 Ω see Anane 5 . This proves the claim and completes the proof of the Step 2.
Step 3 there exists at least one positive-weak solution for λ Λ to 1.3 . Let {λ k } k∈N be such that λ k ↑ Λ as k → ∞. Then, from Step 1, there exists u k u λ k ≥ u λ k to a weak positive solution to 1.3 for λ λ k . Therefore, for any φ ∈ C ∞ c Ω , we have which completes the proof of the Step 3 and gives the proof of Theorem 1.1.
Proof of Theorem 1.2
At first, we introduce some notation which will be used throughout the proof. The norm in W 
